is utilized to design an optimal distributed medium access control (MAC) protocol for wireless local area networks (WLANs) with the multipacket reception capability, which is available in CDMA systems for example. In particular, we consider the scenario where a finite number of users transmit packets to a common access point via a channel-aware ALOHA protocol. We analyze the structure of the optimal channel-aware transmission policies for both the spatially homogeneous WLAN system model, where users deploy identical transmission policies, and the spatially heterogeneous WLAN system model, where users are allowed to deploy different transmission policies. It is shown that the optimal transmission policy is nonrandomized and piecewise continuous with respect to the channel state. Furthermore, we prove for CDMA systems, which represent the most important example of networks with the MPR capability, that under a suitable condition, there exists a channel state threshold beyond which it is optimal not to transmit. Last, we propose a provably convergent stochastic approximation algorithm for estimating the optimal transmission policy for spatially homogeneous networked users. Numerical studies illustrate the performance of the algorithm and the degenerate, nonrandomized structure of the optimal transmission policy.
I. INTRODUCTION
A N important issue in optimizing the performance of wireless local area networks (WLANs) is to design a medium access control (MAC) protocol that enhances radio resource utilization. Especially, in wireless networks, where the channel quality can vary dramatically in time and affect the error rate directly, knowledge of the channel state can be exploited for multiuser diversity and opportunistic transmission to improve the system performance. In this paper, we consider a WLAN system model where the physical layer can receive multiple packets siManuscript received May 8, 2007 ; revised September 19, 2007 . The associate editor coordinating the review of this manuscript and approving it for publication was Dr. Walid Hachem.
M. H. Ngo multaneously, depending on the channel states of the transmitting users (as in [1] ), and propose an optimal channel-aware distributed MAC protocol. The optimal channel-aware MAC protocol exploits multiuser diversity and results in substantial gains in the system throughput and the transmission success rates, especially when the system is heavily loaded with many active users. Distributed MAC protocols that are used in practice can be broadly divided into three classes [2] : fixed allocation MAC protocols, such as time division multiple access (TDMA); random access protocols; and reservation based protocols. The two main types of random access MAC protocols are [2] , [3] : random access MAC protocols that are based on carrier sensing and collision avoidance, and ALOHA protocols. Traditionally, these MAC protocols have been designed for the collision channel model, which assumes that all packets are lost when two or more users transmit at the same time. However, in modern communication systems, due to many advances in communications and signal processing, the channel capacity is increased and the collision channel model does not necessarily hold [2] , [4] , [5] . For example, code division multiple access (CDMA) with random signature sequences can be implemented to allow for soft collision, where packets are not necessarily lost in the case of simultaneous transmissions. As in literature, we refer to the capability that the physical layer can receive multiple packets at the same time as the multipacket reception (MPR) capability [1] , [6] .
When the physical channel has the MPR capability, random access protocols such as the traditional ALOHA and CSMA-CD protocols are not efficient as they are designed with the wrong assumption that it is optimal to have exactly one user transmitting at any given time. In fact, the MPR capability changed the problem of random access considerably. This is due to the fact that in the case of simultaneous transmissions, the reception can be described by conditional probabilities in the MPR models (instead of deterministic failure) [4] , [6] . While it is not immediately clear how the carrier sensing idea can be generalized for random access in MPR networks, the basic ALOHA protocol can be modified to exploit the MPR capability of the physical layer. Since the introduction of the first MPR channel model in [6] , there has been extensive work on analysis and proposals of ALOHA-based protocols for MPR models, for example, [1] , [4] , and [7] - [9] .
The (generalized) MPR model proposed in [1] is a generalization of the MPR model in [6] , and allows for explicit incorpo-ration of CSI information into the reception process at the physical layer. This channel model is suitable for wireless networks, where the channel quality affects the error rate directly. The generalized MPR (G-MPR) model in [1] also offers a framework for exploiting CSI and multiuser diversity for random access. In the paper, we consider the WLAN model with the G-MPR model in [1] . The MAC protocol is a distributed channel-aware ALOHA protocol, where the signal-to-noise ratio (SNR) represents the channel state of a user. It is assumed that every user knows its instantaneous channel state perfectly, and transmits according to its transmission policy, which maps its CSI to transmit probabilities as in [1] . The aim of this paper is to analyze the structure of the optimal channel-aware ALOHA protocol.
Context and Related Work: Slotted ALOHA protocol is originally proposed for the collision channel model. The classical ALOHA protocol optimization problem is to consider the symmetric system with a collision channel model and pick a constant transmit probability, that is common to all users, to maximize the system maximum stable throughput. The expression for the maximum stable throughput is known for the symmetric ALOHA system model [10] , [11] and the optimal transmit probability can be derived explicitly. In comparison, for the asymmetric ALOHA system model, the problem of determining the system maximum stable throughput and the optimal transmission probabilities is still unsolved. Stability of asymmetric ALOHA systems has been analyzed in [10] , [12] , [13] .
In [6] , the symmetric MPR model, where the probability that a packet is correctly received depends on the total number of transmitting nodes, was proposed. The MPR model in [6] provides a framework for designing new protocols that can achieve a significantly better system throughput in comparison to the original slotted ALOHA protocol. It has been proved in [6] , [14] , and [15] that by allowing the transmit probability to be a function of the number of active nodes, a nonzero asymptotic throughput can be achieved for the MPR model. A generalization of the MPR model in [6] to the asymmetric model and the investigation of stability region has been given in [16] .
The MPR model in [6] is a coarse abstraction of the physical (PHY) and MAC layers where the channel states of the transmitting users do not explicitly affect the reception of packets at the base station. In [1] the generalized MPR (G-MPR) model has been proposed to provide explicit incorporation of channel states in the reception model. In the G-MPR model channel states directly affect the reception of packets. Then CSI can be exploited at the MAC layer (by allowing transmit probabilities to depend on CSI) for much higher efficiency [4] . The G-MPR model is suitable for a broad class of physical layers, whenever the channel state affects the error rate. In fact, the collision channel model and the MPR model in [6] are special cases of the G-MPR model. The most important instance of the G-MPR model is the signal-to-interference-noise ratio (SINR) threshold reception model [17] for direct sequence CDMA (DS-CDMA) systems with random signature sequences.
In [1] , a channel-aware ALOHA protocol that is based on channel-aware transmission policies was proposed. An expression for the system maximum stable throughput is derived for the finite population symmetric network model. In addition, a bound on the asymptotic maximum stable throughput is given for the symmetric system model. [1] does not provide analytical results on the structure of the optimal transmission policies.
Early work of exploiting decentralized CSI includes [18] in an information theoretic setting and [19] and [20] , which combine ALOHA with information theoretic measures. The ALOHA aspect of [19] and [20] is relevant to our setup although the encoding strategies therein lead to the collision channel model.
Main Results: We consider the problem of optimizing the channel-aware ALOHA protocol for symmetric and asymmetric wireless networks with the G-MPR model proposed in [1] . For the asymmetric network model, users are allowed to have different transmission policies. In comparison, spatially homogeneous networked users deploy a common transmission policy. The results in this paper are best understood, and directly applicable to CDMA systems with the SINR threshold reception model, which is the most important example of the G-MPR model. The main results are as follows. 1) In [1] it is proved for the symmetric network model that the system maximum stable throughput is the full-load system throughput, which corresponds to the scenario where all users are backlogged. Here we prove for the asymmetric network model that the full-load system throughput is a lower bound for the system maximum stable throughput. 2) We prove for both symmetric and asymmetric network models that, under certain conditions, the optimal transmission policies have the properties outlined by Fig. 1 . In particular, the optimal transmission policies are nonrandomized, and piecewise continuous in the channel state. Furthermore, for the SINR threshold reception model for CDMA systems, which is the most important example of the G-MPR model, we prove that if a full-load system throughput greater than 2 can be achieved, there exists a constant such that if the channel state of a user is beyond , it is optimal for the user to not transmit. 3) An off-line stochastic approximation algorithm is proposed for estimating the optimal transmission policy, i.e., numerically solving the MAC protocol optimization problem, for the symmetric network model. The obtained MAC protocol can then be implemented in a decentralized fashion and offers substantial improvement in the system throughput. Perspective: It is well known that probabilistic transmissions are essential to obtain nonzero throughputs for the collision channel model. Similarly, for the multipacket reception model without CSI in [6] and [7] , probabilistic transmissions are optimal. However, in this paper we prove that optimal channelaware transmission policies are nonrandomized in the sense of Def. 2. As it will be explained carefully later, for channel-aware transmission policies, randomization comes from the fact that the channel states are random variable, and the structural results in this paper are in fact intuitive.
The paper is organized as follows. The WLAN model and the G-MPR model are described in Section II. The optimization problems are formulated in Section III. Sections IV and V contain structural results. A stochastic approximation algorithm for estimating the optimal transmission policies is proposed in Section VI. Section VII contains numerical examples.
II. PACKET TRANSMISSION IN WLANS WITH THE G-MPR MODEL
In this section we define the symmetric (spatially homogeneous) and asymmetric (spatially heterogeneous) random access WLAN models, as well as the G-MPR model considered in the paper. We also introduce important concepts that are used in the paper, including the system maximum stable throughput, the stability notion, and definitions of pure and randomized transmission policies.
In this paper the abstract G-MPR model, where channel states affect the outcome of every transmission time slot is assumed. The G-MPR model can represent a broad class of physical layers [1] . In fact, the collision channel model and the MPR model in [6] are special cases of the G-MPR model. The derivation of the G-MPR model for a specific network requires the selection of a parameter to represent the channel state, and an explicit expression on how the channel states affect the instantaneous transmission success probabilities. In this paper, SNR represents the channel state. In other MPR networks, the selection of a parameter to represent the channel state may not be immediately straightforward. For a multiple antenna system, for example, the channel state may be the best channel gain, or the mean of the channel gains. In some cases, it is possible to abstract the reception in the uplink of a multiple antenna system into the G-MPR model [1] .
Throughout the paper we use the SINR threshold reception model for CDMA systems with matched filter or linear minimum mean square error (LMMSE) receivers as an example of the G-MPR model. Furthermore, the results in the paper are directly applicable to CDMA networks. However, most of the results (except for the existence of a threshold channel state beyond which it is optimal not to transmit; this result is proved explicitly for CDMA networks) only assume the abstract G-MPR model. In other words, as long as the channel state and the G-MPR model are well-defined and satisfy the described assumptions, the analytical results proved here are applicable. This paper, however, does not concern the derivation of the G-MPR model for networks other than CDMA systems.
A. Decentralized Uplink MAC Control
Let index the users in a -user WLAN system with the multipacket reception capability, which means that in the presence of simultaneous transmissions, one or more packets can still be received correctly but with probabilities less than 1. An example of networks with the multipacket reception capability is CDMA systems.
We consider the uplink where all users communicate with a common base station. Assume that time is slotted and indexed by . Assume Signal to Noise Ratio (SNR) represents the channel state of a user. Denote the channel state of user by for all and assume that is a continuous random variable in , where and . can be arbitrarily large so that includes the entire range of CSI that is of practical interest. Denote the (channel) probability distribution function of by . Assume that the packet arrival (input) process of user has mean and finite variance. Further assume that the arrival processes are independent across all users. Define the system average cumulative input rate by (1) We consider both asymmetric (spatially heterogeneous) and symmetric (spatially homogeneous) WLAN system models. The above description is the asymmectric WLAN system model. The symmetric WLAN system model is a special case, where the arrival rates as well as the channel state probability distribution functions of all users are identical i.e., and for all . Assume that every user knows its instantaneous channel state realization perfectly at the beginning of each transmission time slot. A user can estimate its channel state by measuring the strength of a beacon signal or any acknowledgment (ACK) signal sent (or broadcast) by the local base station. At each time slot, every user picks a transmit probability according to its transmission policy, which is a function mapping CSI to transmit probabilities as follows: (2) We now define pure and randomized transmission policies.
Definition 1: A randomized transmission policy is a transmit probability function such that for some nonzero measure set of values of . Definition 2: A pure transmission policy is a transmit probability function such that for all except for possibly a zero-measure set of values of .
Let be the length of the buffer of user at time slot . We use the stability notion of [1] and [11] , i.e., the system is considered stable if for all there exists a , whose domain is (the set of nonnegative integers) such that (3) Define the throughput of a system to be the average number of packets that are transmitted and successfully received at the base station in a time slot. In addition, the maximum stable throughput is the supremum of all cumulative input (arrival) rates , defined in (1), for which the system is stable [1] .
Notation: A subscript is used to index users while a superscript indicates that there are transmitting users. is any unordered set of integers selected from , i.e., . In the paper, is used to specify the set of transmitting users. represents channel states of the users indexed by . and are the joint probability distribution functions of and , respectively. The expected system throughput is a function of the transmission policies of all users and is denoted as . When it is clear which set of transmission policies are being referred to, is abbreviated as .
B. G-MPR Model
We consider an identical G-MPR model to that in [1] . This G-MPR model is also used in [21] - [23] . In the G-MPR model, the probability of receiving a packet correctly depends on the channel states of all transmitting users. In particular, the outcome of a transmission time slot when users indexed by transmit belongs to an event space where each elementary event is represented by a binary -tuple where indicates that the packet sent by user is correctly received and indicates otherwise. The reception capability of the system is described by a set of functions, where the th function assigns a probability to the outcome when users indexed by with channel state transmit (4) Equation (4) implies that the probability distribution of the outcome is determined by the channel states of all transmitting users. We assume that (4) is symmetric, i.e. (5) for any permutation of a -element vector. (5) is also an assumption in [1] and [21] .
Our objective is to maximize the system throughput. That is, we are concerned with the expected total number of packets that are received correctly (or the success rate). This information is represented by the following set of functions: (6) Throughout the paper we assume that (7) for all . Intuitively, (7) means that the success probability of a user decreases when one more user transmits, which is satisfied by most nontrivial reception models, including the collision channel model.
An example of the G-MPR model is the SINR threshold reception model that is derived in [17] for DS-CDMA systems with LMMSE or matched filter receivers. The SINR threshold reception models derived in [17] have been widely used to characterize the asymptotic performance of CDMA systems. For the SINR threshold reception model for a DS-CDMA system with the matched filter receiver, (4) is given by (8) where where is the indicator function, is the channel state (SNR) of user is the spreading gain and is the SINR threshold for correct reception [17] 1 . It should be noted that the SINR threshold models derived in [17] are for instantaneous success probabilities in CDMA systems with linear receivers. In [24] and [25] , expressions for average bit error rates have been derived for different CDMA system models.
Then, defined by (6) can be rewritten as
It should also be noted that the classical collision model and the MPR model proposed in [6] are two special cases of (6) when channel states of the transmitting users are not relevant. For the classical collision model we have
In addition, there is a straightforward translation from a MPR reception matrix in [6] and [7] to a corresponding set of functions defined as in (6) using Bayesian rule.
III. MAXIMUM STABLE THROUGHPUT AND PROBLEM FORMULATION
Using the dominant system approach for analyzing stability of Markov chains, it has been shown in [1, Theorem 1] that a symmetric random access network is stable as long as the arrival rate is less than or equal to the expected throughput when the system is fully loaded, i.e., every user has at least one packet to transmit. That is, the maximum stable throughput of a symmetric network is equal to the expected throughput when all users are backlogged, which is in some sense the worst scenario. Due to a conjecture in [11] and [10, Theorem 1] , it can be predicted that this result in [1] can be generalized for the asymmetric model. We now show that for the asymmetric WLAN system model, the full-load system throughput is a lower bound for the system maximum stable throughput. The problem of optimizing the channel-aware ALOHA protocol is then formulated as finding the transmission policies that maximize the full-load system throughput. The optimization problems for the asymmetric and symmetric network models are defined in Sections III-A and -B, respectively.
Theorem 1: Consider a WLAN system of users indexed by with channel state probability distribution functions and transmission policies . Assume the G-MPR model (6) . The system maximum stable throughput is lower-bounded by (10) Proof: See the Appendix. For symmetric networks, the system maximum stable throughput and the full-load system throughput are equivalent [1] . In what follows we formulate the MAC protocol optimization problems.
A. Problem 1: Optimal Distributed Channel-Aware MAC Protocol for Asymmetric WLAN Systems
Consider the asymmetric WLAN system of users with the G-MPR model (6) described in Section II. We allow different users to have different transmission policies and aim to maximize the full-load system throughput given by (10) , which is a lower bound of the system maximum stable throughput (Theorem 1).
Denote the policy of user by . Consider the normed linear functional space , which is the space of all Lebesgue measurable functions on that are bounded almost everywhere. The norm of a function in is its essential supremum [26] . Let be the subset of that contains all Lebesgue measurable functions that have norms in the range . The problem of optimizing the system throughput for the asymmetric network model can be formulated on as (11) where the objective function is given by (10) .
Assume the supremum of (10) can be achieved in , i.e., the optimal transmission policies are Lebesgue measurable, rewrite (11) as (12) where is given by (10).
B. Problem 2: Optimal Distributed Channel-Aware MAC Protocol for Symmetric WLAN Systems
Here we formulate the problem maximizing the system maximum stable throughput for the spatially homogeneous WLAN model, where all users have the same channel state probability distribution function, the same arrival rate and deploy the same transmission policy, i.e., for all
. As users are long-term symmetric, fairness is automatically guaranteed.
The maximum stable throughput of the system is given in [1] , and can also be derived from (10) as (13) where (14) is the average transmit probability for each user and the distribution function is given by (15) The problem of optimizing the system maximum stable throughput for the symmetric network model can be formulated on the set as (16) with the underlying assumption in (16) being that the optimal transmission policy is Lebesgue measurable. Remark: The optimization problems (12) and (16) can be formulated as continuous state space, infinite horizon, average reward constrained Markov decision processes (MDPs), where the dynamics of the (channel) state are i.i.d. The constraint is multilinear (polynomial for the case of a symmetric network model) and reflects the fact that each user has to select its transmission policy independently of other users. Due to space restriction details are omitted. However, the MDP formulations of the optimization problems help clarifying that finding the structure of the optimal transmission policy is nontrivial and numerically solving for the optimal transmission policy is very challenging.
IV. OPTIMAL TRANSMISSION POLICIES FOR SPATIALLY HETEROGENEOUS WLAN SYSTEMS
In this section structural results for the optimization problem (12) for the asymmetric WLAN system model are proved. It is shown that the optimal transmission policies have the properties outlined in Fig. 1, i. e., the optimal transmission policies are nonrandomized [Theorem 2 a)], and piecewise continuous [Theorem 2 b)] with respect to the channel state. Furthermore, it is also proved for CDMA systems that if a system throughput greater than 2 can be achieved, there exists a limit beyond which it is optimal not to transmit.
A. Optimality of Pure and Piecewise Continuous Transmission Policies
We now claim that there exists a solution to (12) such that is nonrandomized in the sense of Def. 2. Furthermore, in part b) of Theorem 2 below, it is proved that if the success rate functions (6) are piecewise continuous with respect to the channel states, the optimal transmission policies are not only pure but also piecewise continuous. Piecewise continuity of success rates means that if the channel state of a user changes, e.g., a user increases its transmit power, by an infinitely small amount, the success rate change is also small. This condition is expressed mathematically by (17) and is in fact not very restrictive. For example, (17) is satisfied by the SINR threshold reception model (9) for DS-CDMA systems.
Theorem 2: Consider the asymmetric WLAN model described in Section II and optimization problem (12) . The following results can be claimed: a) There exists a solution (i.e., a set of Lebesgue measurable transmission policies) that maximizes the full-load system throughput (10) and is nonrandomized in the sense of Def. 2 for all . b) Assume that the success rate function is piecewise continuous, i.e.,
for all and , except for possibly a zero-measure set of values of . Then there exists a solution (i.e., a set of Lebesgue measurable transmission policies) that maximizes the full-load system throughput (10) such that is nonrandomized in the sense of Def. 2 and piecewise continuous, i.e., (18) except for possibly a zero-measure set of values of , for all . Proof: See the Appendix. Remarks: As it is remarked after the proof of Theorem 2a), if the expected system throughput when user transmit with positive power is almost surely different from the expected system throughput when user does not transmit then we can claim a stronger result that solution(s) of (12) must consist of pure policies only, i.e., pure policies are strictly optimal. Verifying this condition may be hard. Nevertheless, we conjecture that this condition holds for the SINR threshold reception model for CDMA systems. Lastly, Theorem 2 actually implies that is piecewise constant for all .
B. A Threshold Beyond Which Not Transmitting is Optimal for the SINR Threshold Reception Model
In this part of the paper we prove one more structural result for the most important example of the G-MPR model, which is the SINR threshold reception model (9) for CDMA systems. Theorem 3 states that under a mild condition, there exists a limit such that if the channel state of a user is beyond this limit, the user should not transmit.
Intuitively, it is known that the performance of a CDMA system is limited by Multiple Access Interference (MAI) and an increase in the transmit power for a user implies an increase in the interference to all other users. One might then suspect that if a user has an extremely good channel state and transmits, it will likely decrease the expected system throughput. In Theorem 3, we show that this is really the case. In practice, a user should not be banned from transmitting if its channel is of super quality. However, Theorem 3 implies that a power control scheme should be used to guarantee that the effective SNR of any single user is not beyond the limit.
In deriving the conditions in Theorem 3, we compare the average system throughput when the user with the extremely good channel state transmits, to the case when the user does not transmit. It is optimal for the user not to transmit, if the loss in the system throughput when the user transmits is more than 1, or at least more than its probability of success (which should be approximately 1 for an extremely good channel state). Therefore, the first condition in Theorem 3 is that a system throughput greater than 2 can be achieved. This condition directly implies that there are strictly more than two users in the system, hence there exists multiple access interference; and more subtly, it is possible that the loss in the average system throughput when a user transmits and introduces interference to other users is more than 1.
Theorem 3: Consider the asymmetric WLAN system model described in Section II and the optimization problem (12) . Assume the SINR threshold reception model (9) . Let the mean channel state value for user be . Define . Let be a solution to (12) . Assume that it is possible to achieve a system throughput greater than , for some . Let (19) where and are the spreading gain and the SINR threshold in (9), then (20) Proof: See the Appendix. It should be noted from Theorem 3 that the limit given by (19) decreases when increases, i.e., we can obtain a tighter limit by showing that a higher system throughput is achievable.
V. OPTIMAL TRANSMISSION POLICY FOR SPATIALLY HOMOGENEOUS WLAN SYSTEMS
Here we consider the symmetric (spatially homogeneous) WLAN system model and the optimization problem (16) for-mulated in Section III-B. We provide a sufficient condition for which the optimal transmission policy also has the properties outlined by Fig. 1 .
First, recall that the spatially homogeneous network is a special case of the spatially heterogeneous network, where all users have the same channel distribution function and the same input (arrival) rate. The optimization problem (12) , which has been analyzed in Section IV, can also be formulated for the spatially homogeneous network model. In particular, for the spatially homogeneous network model, the system maximum stable throughput given by (10) can be rewritten as follows: (21) Hence, we can rewrite the optimization (12) for spatially homogeneous networked users as follows (22) where is given by (21) . Theorems 2 and 3 hold for (22) .
Second, it should be noted that the optimization problem (16) is actually (12) with the objective function rewritten as (21) above, subject to an extra constraint: (23) In what follows, we claim that if (22) has a unique solution then the structural results outlined in Fig. 1 can be proved for the optimization problem (16), which is equivalent to (22) with the constraint (23) .
Corollary 1: Consider the spatially homogeneous WLAN model described in Section II. If (22) has a unique solution, i.e., (21) has a unique global optimum, then the optimization problem (16) has a unique solution that is a nonrandomized transmission policy in the sense of Def. 2.
Proof: See the Appendix. The classical collision channel model and the MPR model without CSI [7] clearly do not satisfy the condition that the solution of (22) is unique. However, it can still be claimed for these models that (16) has a nonrandomized solution. Indeed, for the symmetric network model with a collision channel, the classical optimization problem is to pick a constant transmission probability to maximize the system throughput, which is equivalent to the optimization problem (22) with one extra constraint that , for some constant . This constraint makes the optimal transmission policy randomized in the sense of Def. 1. However, if transmission policies are allowed to be functions of channel states as in (16), there exists a solution that is nonrandomized in the sense of Def. 2. The underlying reason is that, when CSI is available, each (randomized) constant transmission policy is equivalent to at least one, and usually an infinite number of, nonrandomized transmission policies of the form (2), assuming that the physical channel distribution is continuous. The same arguments apply to the MPR model in [6] and [7] .
Using a similar approach to Corollary 2, we claim the other structural results for the symmetric network model.
Corollary 2: Consider the spatially homogeneous WLAN system model described in Section II. Assume that (17) holds. If (21) has a unique global optimum, then the optimization problem (16) has a unique solution that is pure in the sense of Def. 2 and piecewise continuous, i.e., (24) except for possibly a zero-measure set of values of .
Proof: See the Appendix. Corollary 3: Consider the spatially homogeneous WLAN model described in Section II and the SINR threshold reception model (9) , which is an example of the G-MPR model. Assume that (22) has a unique solution, i.e., (21) has a unique global optimum. Further assume that it is possible to achieve a system throughput greater than , for some . Let be an optimal transmission policy. Let where and are the spreading gain and the SINR threshold in (9) then (25) Proof: Similar to the proofs of Corollaries 1 and 2, (25) follows from the assumption that (21) has a unique global optimum, the symmetry of the objective function (21) and Theorem 3.
VI. STOCHASTIC GRADIENT ALGORITHM FOR ESTIMATING OPTIMAL TRANSMISSION POLICY
In this section we focus on deriving an algorithm to numerically solve the optimization problem (16) for the symmetric WLAN system model. In particular, we use a novel spherical coordinate parameterization technique to convert the transmission policy optimization problem from a constrained problem, where the constraint is that the transmit probabilities are in [0, 1] , to an unconstrained problem. Then, we proposed a stochastic approximation algorithm (Algorithm 1), that can numerically solve the optimization problem (16) . Algorithm 1 is an offline gradient-based algorithm and can be used to find the optimal transmission policy for spatially homogeneous networked users. For spatially heterogeneous networked users, an analogous algorithm can be easily obtained. However, for the asymmetric network model, a game theoretic approach gives a more efficient way to update the transmission policy of each user in a real-time, distributed fashion [23] .
The core of Algorithm 1 is the stochastic estimation of the gradient (of the objective function), which cannot be derived in close-form. The gradient estimates in Algorithm 1 are obtained by the score function method [27] . The score function method is one of the exact gradient estimation methods that yield unbiased gradient estimates. Other methods for obtaining unbiased gradient estimates include the weak derivative method and the process derivative method [27] . In this paper we select the score function method for its relative simplicity. The essence of the score function method is the use of the Rao-Blackwellization (smoothing by conditioning) technique to reduce the variance of the gradient estimates. An alternative, very simple and widely used method for gradient estimation is the finite difference method [28] . However, gradient estimates by the finite difference method are subject to a random systematic error of mean 0 and variance in the order of , where is the perturbation factor (see [27, Ch. 5] ). In other words, gradient estimates by the finite difference method are biased, and as the perturbation factor tends to zero, the variance of the estimate error is unbounded.
First, quantize the channel state space into a finite number of ranges and convert (16) into a finite dimensional optimization problem. In particular, let SNR represent channel state and quantize the SNR domain (i.e., channel state space) into regions by . The function optimization problem (16) is then replaced by selecting an optimal transmit probability for each SNR range. We use the novel spherical coordinate parameterization method, first proposed in [29] and [30] , to represent a transmission policy by (26) The system maximum stable throughput (10) can be rewritten as (27) where and (28) is the average transmit probability, and is given by the reception model (6) . The optimization problem (16) becomes finding that maximizes the system throughput, i.e., (29) In what follows, we will derive a numerical algorithm to estimate the parameter that maximizes given by (27) . The use of the spherical coordinates as in (26) guarantees that the norm of the estimated transmission policy is in [0, 1]. First, define a stationary point, which is also a local maximizer of the system throughput by (30) The gradient of (27) with respect to is given by (31) where . Unbiased gradient estimates of every factor in (31), including for all , can be easily obtained without knowing the channel state probability distribution function . Hence, it is straightforward to derive a blind stochastic approximation algorithm for estimating the optimal transmission policy. However, when the channel probability distribution function is known, there are several methods for improving the gradient estimates and the convergence rate of the algorithm [27] . Below we assume that is known and propose an offline optimal transmission policy learning algorithm that uses the Rao-Blackwellization (smoothing by conditioning) technique for gradient estimation.
Stochastic Approximation Algorithm With Likelihood Ratio Gradient Estimation: First, we need to generate unbiased estimates of the gradient of the system throughput, given by (27) . Generation of requires the generation of unbiased estimates of and its gradient with respect to . Since the channel distribution function is known, we can reduce variance of the estimates by the Rao-Blackwellization (smoothing by conditioning) technique. We estimate and conditioned on the event that all users transmit, which we denote as event .
The a posteriori channel state distribution of a user given that it transmits is computed in [21] and [1] (32)
The corresponding density function is where is the average transmit probability corresponding to .
The conditional expectation of can be computed straightforwardly by (33)
It should be noted that after conditioning the (a posteriori) channel state distribution is parameterized by , i.e., is of the parameterized integrators form [27] . There are three methods to simulate the gradient of an expectation of the parameterized integrators form: the score function method (ratio likelihood), the weak derivatives method and the process derivatives method [27] . In Algorithm 1, the score function method is selected due to its relative simplicity.
Furthermore, as estimates of are i.i.d over time, the three methods are expected to have similar performance in terms of the gradient estimate variances. Due to (33) and by the score function method in [27] where Simple mathematical derivations give (35) Plugging (33), (34), and (35) into (27) gives the following score function estimate for :
where , which is given by (32) , for all . Algorithm 1: Initialize . For time index repeat • Generate for . Obtain using (36)
• Conditions on decreasing step size with (38) Theorem 4: The estimates generated by Algorithm 1 converge w.p.1 to a local maximizer , defined in (30), of the system stable throughput (27) .
Proof: For a fixed initial , the sequence are i.i.d., and is an instance of the well known Robbins Munro algorithm. In [31] , the convergence proof for gradient-based algorithms for much more general, correlated signals (e.g., Markovian signals) is given. The convergence conditions are (38) and uniform integrability of . A sufficient condition for uniform integrability is that the channel distribution has finite variance.
VII. NUMERICAL STUDIES
In this section the structural results and the performance of Algorithm 1 are illustrated via numerical examples. We consider a spatially homogeneous WLAN system of users that communicate with a common base station using the DS-CDMA scheme with random signature sequences of spreading gain . Assume that SNR represents channel state and that the base station has a matched filter receiver to decode signals from different users. Then the reception model is given by (8) and (9) . That is, in a transmission time slot, a packet transmitted from user is successfully received if and only if where is the set of all transmitting users, is the spreading gain, and is a SINR threshold. Assume the underlying channel is Rayleigh fading, then the channel state (SNR) is exponentially distributed. We relax the assumption that for some finite and let the channel state probability distribution function, which is identical for all users, be where is the mean value of .
Improvement in System Throughput and Success Rates: Let and quantize the channel state space into 25 ranges by for and . Fig. 2 compares three transmission schemes in the sense of the full-load system throughput, which is also the system maximum stable throughput as the network is symmetric, and the average success rates. The transmission schemes are i) the optimal channelaware transmission policies designed by Algorithm 1; ii) the nonchannel-aware optimal transmission policy in [7] ; iii) the policy of always transmitting. The empirical full-load system throughput is computed from (10) and the average success rate is defined by , where is the average transmit probability given by (14) , is the total number of users, and is the system maximum stable throughput.
The size of the network is varied from 1 to 40 users. It is seen that the system throughput is improved with the size of the network only when the optimal channel-aware transmission policies are deployed. In addition, the success rate remains at 0.76 for the optimal channel-aware transmission policies even when the system is overloaded, i.e., the number of active users is greater than the spreading gain. That is, when CSI is exploited, channel utilization is significantly enhanced. 
Convergence of the Estimates by Algorithm 1:
We quantize the channel state space into 25 ranges as in the previous example but assume that instead of . Algorithm 1 is run to estimate the optimal transmission policy for the case when there are 20 active users in the network. Fig. 3 illustrates that the estimates generated by Algorithm 1 seem to converge to a transmission policy that has the properties outlined in Fig. 1, i. e., nonrandomized as proved in Theorem 2a), piecewise constant as proved in Theorem 2b), and for all greater than some constant .
It can be seen from Fig. 3 that the convergence of Algorithm 1 is not plagued by any local optimum and the generated estimates converge to a good neighborhood of the optimum after about 50 iterations. In fact, the system throughput for the transmission policy obtained after 50 iterations of Algorithm 1 is very close to the optimal throughput, which is approximately 4.61 for a network of 20 users with .
VIII. ANALYSIS OF TWO-USER SYSTEMS
In this section we aim to give a simple analytical example to provide more insight into the structural results in Section IV. In particular, we consider a symmetric system of two users and compute the optimal transmission policy explicitly to illustrate the results in Section IV. We relax the assumption that the channel state space lies in for some finite and let the channel state space be . Assume the users communicate with a common base station using DS-CDMA with random signature sequences. Similarly to previous sections, we assume the SINR threshold reception model (9) . Further assume that the physical channel is Rayleigh fading, which leads to an exponential channel state (SNR) probability distribution function, i.e., . The full-load system throughput (10) can be rewritten as 
IX. CONCLUSION
We consider optimizing the channel-aware ALOHA protocol for the finite population random access network model. The network has the multipacket reception capability and the outcome of each transmission time slot depends on the number of transmitting users and their channel states. We prove that the optimal transmission policy is nonrandomized and piecewise constant for every user. Furthermore, it is proved for CDMA networks, which is the most important example of networks with the MPR capability, that there exists a channel state beyond which nontransmitting is optimal.
In the second part of the paper, we propose an offline stochastic approximation algorithm to numerically solve the optimization problem for spatially homogeneous networks. The algorithms use the spherical coordinates parameterization method proposed in [29] and [30] to confine the transmission probabilities in [0, 1]. The optimal transmission policy is then estimated by a gradient-based algorithm, where the gradient is estimated using the score-function method presented in [27] .
In this paper, the system throughput is the objective and the optimization problem is analyzed by a centralized design approach. In [23] , we use a game theoretic approach to analyze the structure of the optimal channel-aware transmission policies for noncooperative users. Therein, it is proved that the optimal transmission policy is a nonrandomized threshold function of the channel state. When the system performance is limited by multiuser interference, a game theoretic approach would also improve the system throughput even though the users do not cooperate [23] .
APPENDIX

A. Proof of Theorem 1
The proof of this theorem follows very similar lines to the proof of the sufficient part of Theorem 1 in [1] . For completion and clarity we reproduce the proof with necessary generalizations. Readers are referred to [1] for the original proof on the equivalence between the system maximum stable throughput and the full-load system throughput for homogeneous networks with the multipacket reception capability. Let , where is the length of the buffer of user at time . The evolution of is given by (42) where is 1 if user transmits a packet successfully in time slot and 0 otherwise, is the number of packets that arrive during time slot .
is therefore a -dimensional Markov chain. Assume that the arrival process and the reception model are such that the Markov chain is aperiodic and irreducible. This assumption is satisfied for most nontrivial arrival processes and reception models [1] . With this assumption the stability of the system in the sense of (3) Therefore, in order to show (44) it suffices to show that the probability of success is lower in the full-load system, i.e.,
It should be noted that the success probability of a user decreases when there is one more user that has a packet to transmit (due to (7)). Hence, (45) clearly holds.
Second, we restate Lemma 3 in [1] , which is an application of Pakes' Lemma [32] . The lemma provides a sufficient condition for the stability of , which implies the stability of . Lemma 2: For the Markov chain define the drift . Suppose that the drift for all and that for some scalar and integer we have for all . Then the Markov chain has a stationary distribution.
For the full-load system the drift of the Markov chain corresponding to the buffer of user is independent of and is given by (46) From the above equation it can be seen that a sufficient condition for the stability of is (47) which is also a sufficient condition for the stability of . Hence a sufficient condition for the stability of the system is (48) Therefore, the system maximum stable throughput defined as the supremum of all accumulative input rates for which the system is stable is lower-bounded by (10) .
B. Proof of Theorem 2 1) Proof of Theorem 2a):
We will prove the Theorem by contradiction. First, let be a solution to (12) . Suppose that does not satisfy Theorem 1. Without loss of generality, suppose is randomized in the sense of Def. 1, i.e., for some nonzero measure set of values of .
We now show that the solution to the optimization problem (49) is nonrandomized in the sense of Def. 2. Indeed, the system throughput when user never transmits is given by
When user uses the transmission policy the new system throughput is given by (51) where (52) It is clear that (53) is a Lebesgue measurable transmission policy that maximizes (51). Hence, if we assign given by (53), the system throughput is still maximized. This step can be repeated until only contains nonrandomized policies, hence, Theorem 1.
Remark: If is nonzero almost everywhere, we can claim a stronger result that solution(s) of (12) must consist of pure policies only. Intuitively, is nonzero almost everywhere means that the system throughput when user always transmits is almost surely different from the case when user never transmits. Verifying this condition is hard. Nevertheless, we conjecture that the condition holds for the SINR reception model for CDMA systems. The condition does not hold for the collision model or the MPR reception model without CSI.
2) Proof of Theorem 2b): We follow the same approach as the proof of Theorem 2a).
Let be a solution to (12) . We will show that there exists a nonrandomized piecewise continuous solution to (49). In particular, we will show that the solution (53) is a piecewise continuous, nonrandomized transmission policy. This can be done by showing that given by (52) is piecewise continuous.
Given the channel states of all users, the probability that the only users indexed by transmit is given by . Hence can be rewritten as (54) where is the joint distribution of . As expectation is a smoothing operator, is piecewise continuous if (17) holds.
C. Proof of Theorem 3
Let be a solution to (12) . Without loss of generality we will show that (20) holds for . For to be an optimum, it must be the case that , where is given by (53) and is given by (52). The proof will be complete if we can show that for all . Due to the theorem's assumption, . Furthermore, when user never transmits the system throughput is given by (50). From (50) it is easy to see that . For the SINR threshold reception model (9) we have (55) Hence, the following inequalities and equality holds: (56) Hence, for all .
D. Proof of Corollary 2
Under the assumption that all users have the same channel distribution, (10) becomes (21) and the optimization problem (12) becomes (22) . Let be the unique solution of (22) . Then due to Theorem 2 is a pure policy for all . Since (21) is symmetric with respect to the transmission policies it must be the case that any permutation of is also a global optimum of (21) . It follows from the uniqueness of the global optimum that . Then , which is nonrandomized in the sense of Def. 2, is the unique optimum of (13) .
E. Proof of Corollary 2
Similar to the proof of corollary 2, under the assumption that all users have the same channel distribution, the objective function (10) becomes (21) , which is symmetric with respect to the transmission policies of all users. This symmetry implies that if is a global optimum of (21) then so is any permutation of . It then follows that and is piecewise continuous due to Theorem 3 and is the unique optimum of (13).
F. Proof of Theorem 5
Our approach to prove the theorem is as follows: first, we aim to solve for without any assumption or constraint on . Then by symmetry, we claim the same result for . 1)
. Equation (39) 
